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CN ■ Abstract. Suppose n > 2. We show that there is no integer 

v > 1 such that for all commutative rings R with identity, every 
element of the subring J(2 n , R) of R generated by 2"-th powers can 
be written in the form ±/f ± • • • ± /| for some /i, . . . , /„ £ i? 
and some choice of signs. 
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1. Introduction 



The object of this paper is to prove a result about easier Waring 
constants for commutative rings which was announced over thirty years 
ago in [3]. This result grew out of research of the author with Mel 
Henriksen in [4j. It is a pleasure to remember Mel's generosity and the 
excitement of working with him. This paper is dedicated to Mel. 
^ | Let R be a commutative ring with identity, and suppose k is a posi- 

tive integer. Define J(k, R) to be the subring of R generated by all k th 
powers. If there is an integer v such that every element / of J(k, R) is 



of the form 

O 



/ = £±tf 



for some /i, . . . , f v e R and some choice of signs, let v(k, R) denote the 
smallest such v. If no such v exists, put v(k, R) = oo. Let V(k) be the 



sup, over all R, of v (k, R). Our main result is: 
Theorem 1.1. For n > 2 one has 

V(2 n ) = v(2\R 00 ) = oo 

when Roo = ^{xi}^} is the ring of polynomials with integer coeffi- 
cients in countably many indeterminates. 

To our knowledge, this provides the first example of an integer k for 
which V(k) is infinite. 
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Concerning k for which V(k) is finite, Joly proved in [TJ Thm. 7.9] 
that V(2) =3. In [31 Thm. 1] it was shown that if k is a prime which is 
not of the form (p bc — l)/{p c — 1) for some prime p and integers b > 2 and 
c > 1, then K(A;) is finite. This implies that V^fc) is finite for almost 
all primes k. As of this writing, we do not know of further integers k 
for which V(k) has been shown to be finite. The smallest integer k > 2 
for which the results of [3j show V(k) to be finite is k = 11. 

Striking quantitative results concerning upper bounds on V(k) for 
various k, and on v(k, R) for various R, have been proved by a number 
of authors including Car, Cherly, Gallardo, Heath-Brown, Newman, 
Slater, Vaserstein and others. See [H [21 El El El OH EH QUI E] and their 
references. 

For to > 1 let Rm = %[xi, . . . , x m ] be the ring of polynomials with 
integer coefficients in m commuting indeterminates. By [31 Theorems 

3 and 4], v(k,R m ) is finite for all k and m. By [3 Prop. 7.12], 

V(k) = swp m > 1 v(k,R m ) = v(k,Roo). 

We show Theorem 11.11 by proving linv^oo v(k, R m ) = oo when k = 
2 n > 2. We now summarize the strategy to be used in £[2] for bounding 
v(k, R m ) from below in order to clarify how this approach might be 
applied for other values of k. 

The strategy is to construct a surjection 

ix : J(k,R m ) -)• A 

to an abelian group A with the following property. For v > 1, let 
J(k, R m )v be the subset of elements of J(k, R m ) of the form Y^i=i ^ft 
for some f t G R m and some choice of signs. One would like to produce 
a it such that 7t(J(k, R m ) v ) has order less than A unless v is at least 
some bound which goes to infinity with m. 

For k = 2 n > 2, the it we construct in §2] results from combining 
congruence classes of the coefficients of high degree monomials which 
appear in the expansions of elements of J(2 n ,R m ). The group A is a 
vector space over Z/2 of dimension m(m — l)/2. The ix we consider 
has the property that for fi e i? m , the value of ix{ff n ) is if fi has odd 
constant term, and otherwise vr(/ 4 2 ") depends only on the coefficients 
mod 2 of the homogeneous degree 1 part of fi. This means that the 
value of Tx(^2 v i=1 ±/j 2 ™) depends only on at most vm elements of Z/2, 
so that 

#7r(J(2 n ,R m ) v )<2 vm . 

If v = v(2 n ,R m ), so that J(2 n ,R m ) v = J(2 n ,R m ), we must therefore 
have 

vm = v(2 n , R m ) ■ to > dim z/2 (A) = m(m - l)/2 (1.1) 
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since n is surjective. This produces the lower bound 

v(2 n ,R m )>{m-l)/2 (1.2) 

and implies Theorem 11.11 

One can surely improve ( 11. 2p . but we will not attempt to optimize the 
above method in this paper. A systematic approach would be to con- 
sider which combinations of congruence classes of higher degree mono- 
mial coefficients of elements f k of J(k, R m ) can be shown to depend 
only on the congruence classes of lower degree monomial coefficients of 
/ G R m . These combinations should be chosen to be independent of 
one another, in the sense that they together produce a surjection from 
J(k, R m ) to a large abelian group A. 

2. Proof of Theorem 11.11 

Let m > 1 be fixed. We will write polynomials in R m = Z[xi, . . . , x m ] 
in the form 

f = Y^c f (x a )x a (2.3) 

a 

where 

m 

x a = l[x? 

8=1 

is the monomial associated to a vector a = («i, . . . , a m ) of non-negative 
integers and the integers Cf(x a ) are for almost all a. 

Lemma 2.1. Suppose n > 2 and 1 < i < j < m. Then cpn{xiXj)/2 n 
andcpn{xf xj 1 )/2 are integers. One has 

1 \ I 2 n ~ 1 2 n ~ 1 \ 

2 n + 2 ^ (c/W + ljc/Wc/fe) mod 2Z 

(2.4) 

Proof. We first compute the coefficient cp^{xiXj) of XiXj in / 2 ". Write 

f = c f (l) + t 
where t has constant term 0. Then 

nnfnn i \ 

/ =c /( 1 ) + 2 c/l 1 ) t+ g /( ^ -* + ^ -* 

where all the terms of z e i? m have degree larger than 2. Here 

£ = 2_. c f{ x e) x z m °d terms of degree > 2. 
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Because i < j, the coefficient of XiXj in t 2 is 2cf(xi)cf(xj). Putting 
this into (I2.5p . and noting that the coefficient of x^Xj in t is Cf(xiXj) 
by definition, we conclude that 

c p n( XiXj ) = 2 n c f (ir- 1 c f (x t x J ) + 2»(2" - l) C/ (ir- 2 C/ (*i)c/(*i). 

(2.6) 
Thus 2 n divides cp^(xiXj). Because n > 1 and a s = a mod 2 for all 
a G Z and s > 1, we find 

2„ = CfWcfixiXj) + c/CxOc/Carj)) mod 2Z. (2.7) 

We now consider the coefficient cp n (x 2 " x 2 " ) of xf x 2 " in f 2 ". 
Write 



-yn — 1 , .,. on-1 



for some polynomial (7 G i? m . Then 

/ 2 " = (/ 2 "" 1 ) 2 ^fe c /( a ) 2 "~ 1 ^r" 1 ] mod 4i? - ( 2 - 9 ) 

When one expands the square on the right side of (12.91) . the coefficient 

r on— 1 on— 1 . 

Of X~ Xj IS 

2c/(l) 2 Cf(xiXj) 2 +2cf(xi) 2 Cj(xj) 2 

Because of the congruence (J2.9P and the fact that n > 1, we conclude 

that Cj2"(xf n x| n ) is divisible by 2, and 

/ on — 1 on— 1 -. 

— ^ — " = c/(l) 2 " 'c/^) 2 " l +c / (i J ) 2 " 1 c / (i 3 ) 2 ""' mod 2Z 

= Cf(l)cf(xiXj) + Cf(xi)cf(xj) mod 2Z (2-10) 

Adding (12.71) and (12.101) gives (12.41) and completes the proof. □ 

Proof of Theorem 11.11 



Fix n > 1 and m > 2 and suppose 1 < % < j < m. By Lemma 12. 1[ 
there is a unique homomorphism 

Try : J(2 n , i? m ) -> Z/2 (2.11) 

which for / G -R m has the property that 

», (n = (^ + ^Tl ) mod 2 
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with the notation of Lemma I2TT1 The product of these homomorphisms 
over all pairs (i,j) of integers such that 1 < i < j < m gives a homo- 
morphism 



vr: J(2 n ,R m ) ->(Z/2)UJ = A (2.12) 

Suppose we fix a pair (i',f) of integers such that 1 < i' < f < m 
and we let / = xy + x,y. Formula (12 .4p shows that 7Tjj(/ 2n ) = 
if (ij) ^ (i'J>) while TTi'jif 2 ") = 1. It follows that vr 'in (1232]) is 
surjective. On the other hand, formula (12 .4p shows that ^ijif 2 ") = 
if / has odd constant term c/(l), and that otherwise ^i,j{p n ) depends 
only on the congruence classes mod 2 of the linear terms in /. Therefore 
the same is true of 7r(/ 2 "). As explained in the second to last paragraph 
of the introduction, this leads to the lower bounds (II .ip and (ll.2p . which 
completes the proof. 
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